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Abstract

Novikov algebras were introduced in connection with the Poisson brackets of hydrodynamic type
and Hamiltonian operators in the formal variational calculus. The commutator of a Novikov algebra
is a Lie algebra in which there exists a special affine structure (connection with zero curvature and
torsion) defined by the Novikov algebra. For ensuring the consequences for the group structure,
we need consider the more intrinsic connections defined by Novikov algebra structures, that is, the
connections which are adapted to the automorphism structure of a Lie group. The resultant Novikov
algebra is called a derivation algebra which satisfies every left multiplication operator is a derivation
of its sub-adjacent Lie algebra. In this paper, we commence a study of the Novikov derivation
algebras and as a consequence, we can construct Novikov algebras on some 2-solvable Lie algebras.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Poisson brackets of hydrodynamic type were introduced and studied in[Ref$.

N .e
' (). ud () = @S x — ) + 3wk bl u)sx — ). (1.1)
k=1
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The simplest local Lie algebra arising from brackets of hydrodynamic (/g was also
introduced as follow§3]:

n
g' =Y "CluF+¢5. bl =const. gf=const, (1.2)
k=1
[p.al@ = Bl (P} @) — G @pj). b +b) = = (1.3)

From the Jacobi identity, the tend@j} by Eqg. (1.3)defines a local translationally invariant

Lie algebra of first order if and only ifbjk'} is the set of structure constants of a new
finite-dimensional algebra with a bilinear productx, y) — xy satisfying

ejej = Zbg{iek, (1.4)
k=1

(x,y,2) =(y,x,2), (1.5)

XYz = (X2)y (1.6)

foranyx, y,z € A. Here{e1, ez, ..., e,} is a basis ofdA and(x, y, z) = (Xy)z — x(y2).
(Note that we use the left-symmetry here, where the right-symmetry was used in Refs.
[1-4])

The algebra satisfyingEgs. (1.5) and (1.63% called a “Novikov algebra” by Osborn et al.
[5-10] Italso has a close connection to some Hamiltonian operators in the formal variational
calculug11-14]and some non-linear partial differential equations, such as KdV equations
[1,11,12] Onthe other hand, Novikov algebras are a special class of left-symmetric algebras
which only satisfyEq. (1.5) Left-symmetric algebras are non-associative algebras arising
fromthe study of affine manifolds, affine structures and convex homogeneou$tents]

In fact, letG be a Lie group with a left-invariant affine structure, then this structure induces
a flat torsion free left-invariant affine connecti®ron G, that is, a connection in the tangent
bundleT (G) = G with zero torsion and zero curvature

Vyy — Vyx —[x,y] =0 (zerotorsion, a.7)
ViVyz = VyViz — Vi 31z =0 (zerocurvaturg (1.8)

wherex, y, z € G are arbitrary left-invariant vector fields. Then the bilinear product on the
Lie algebrag of G by xy = V,y is a left-symmetric algebra. Such a connection was also
discussed in Ref1].

The commutator of a Novikov algebra (or a left-symmetric algelra)

[xvy]ZXy_yX» (19)

defines a sub-adjacent Lie algelgta= G(A). Let L,, R, denote the left and right multipli-
cations, respectively, i.el,; (y) = xy, R, (y) = yxVx, y € A. Then for a Novikov algebra,

the left multiplication operators form a Lie algebra and the right multiplication operators
are commutative. If everR, is nilpotent, therd is called right-nilpotent or transitive. The
transitivity corresponds to the completeness of the affine connedtibriks].
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The study of Novikov algebras is obviously difficult due to the non-associativity. Although
for the finite-dimensional Novikov algebras, there has been some pr¢dréds21] there
are still many open questions. In particular, only the classification of Novikov algebras in
low dimensions is known and there are very little detailed examples in higher dimensions.
Such a situation seriously hinders the further development of Novikov algebras. One of the
ways to find more examples is to find some special Novikov algebras, that is, some Novikov
algebras satisfying certain additional conditions.

Onthe other hand, Novikov algebras have the close relations with geometry, in particular,
it is quite important to use the theory of Lie groups. However, the relationship between the
Novikov algebras and their sub-adjacent Lie algebras cannot ensure any consequences for
the group structure. To solve this problem, we need to consider the more intrinsic connections
defined by Novikov algebra structures, that is, the connections which are adapted to the
automorphism structure of a Lie group. The study of such a structure was begun in Ref.
[22] for a general left-symmetric algebra. Just like in the introduction in R, this
can be considered as a first approach to the problem of finding the Lie groups which
admit complete, locally flat (zero curvature and torsion), left-invariant connections. The
structure is given as follows: lef be a Lie group with Lie algebrg, and Autg) is
the group of automorphisms of Lie algebfa The local automorphism structure 6f
is the principal fiber bundle of frames @ obtained by the extension to Ag) of a
left-invariant parallelism ofG. Its fibers are unique to a right translation GHs frame
bundleR(G).

In this paper, we commence a study of the Novikov algebra structures adapted to the
structures defined above and as a consequence we can see that most of left-symmetric
algebras obtained in Ref22] are Novikov algebras. This paper is organized as follows.

In Section 2 we discuss the algebraic properties of Novikov algebra structures adapted
to the automorphism structure of a Lie group.3ection 3 we give the classification

of these structures in low dimensions. $ection 4 we obtain some examples in higher
dimensions. IrSection Swe give some conclusions based on the discussion in the previous
sections.

2. Novikov derivation algebras

From the discussion in RgR2], we can know that a left-invariant connecti®on G is
adapted to the automorphism structuré&af and only if the linear mapping : G — H(G)
defined byd (x) = V, takes values in the algebra 6y, where De(G) is the Lie algebra
of the derivations of the Lie algebta Hence, we call a Novikov algebrais a derivation
algebra if its left multiplicationd., or its right multiplicationsR, are derivations of Lie
algebrag(A). Therefore the Lie groum possesses a left-invariant locally flat connection
defined by a Novikov algebra which is adapted to the structure of its automorphisms if and
only if the Lie algebraj is sub-adjacent to a Novikov derivation algebra. Furthermore, we
have the following claim.

Claim. Let A be a Novikov algebra. Thea is a derivation algebra if and only if the left
multiplication operators are commutative.
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In fact, for anyx, y, z € A, we have

Ly([y,z]) = [Lx(y), 2] + [y, Lx(2)] & x(yz—2y)
=xy(z) —z(xy) + y(x2 — @)y < x(y2) — (Xy)z — y(X2)
=x(zy) — XDy — z(xy) < (Y2 = (X)y <& Lyx = RcR,.
Hence we can obtain

[Le,Ly] = Lixy) = Ly — Lyx = RyR, — RyR, = 0.

Corollary 2.1. A Novikov algebra is a derivation algebra if and only if for any x in the
derived Lieideal [G(A), G(A)], wehave L, = 0.

Obviously, all commutative Novikov algebras (they are associative and commutative) are
derivation algebras. So we mainly study the non-commutative finite-dimensional Novikov
derivation algebras in this paper. In fact, we have the following structure thg@@niet
A be a finite-dimensional Novikov derivation algebra. Thehas a unique decomposition
as a direct sum of two ideals

A=Ag® Ag, (2.1)
whereAg is a transitive Novikov algebra amt; is an algebra with an identity, and
Ao D N(A) D [G(A), G(A)], A1 C C(A). (2.2)

HereN(A) = {x € AL, =0}, C(A) = {x € A|L, = R} = {x € G(A)|[x,y] =0Vy €
G(A)}. Itis easy to see that botki(A) andC(A) are ideals ofA andC(A) is the center of
Lie algebrag(A).

Corollary 2.2. Let A beanon-commutative Novikov derivation algebra. If the center C(A)
of its sub-adjacent Lie algebra is zero or C(A) C [G(A), G(A)], then A is transitive. In
particular, the Novikov derivation algebras on Heisenberg Lie algebras must be transitive.

3. Theclassification of Novikov derivation algebrasin low dimensions

In Refs.[19,21], we have obtained the classification of Novikov algebras in dimen-
sion < 3 and the transitive Novikov algebras on four-dimensional nilpotent Lie algebras.
ThroughCorollary 2.1 we can obtain the following classification results (over the complex
number field). Recall that the (form) characteristic matrix of a Novikov algebra is defined
as

k k
> k=1 C116k - > k=1 €1,k
A= : . : , (3.1)
k k
22:1 Cprk - 22:1 Cnn€k

. ) P
where{e; } is a basis ofA ande;e; = ) ) cler.
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Two-dimensional Novikov derivation algebras:

Commutative : 00 , 2 0 , er 0 ) 00 )
0 0 0 O 0 e 0 e
0 e1
er e '

Non-commutative : 0 0 .
—e1 O

Three-dimensional Novikov derivation algebras:

00O 0 0O 0O 0 O 0O 0 O
Commutative: | 0 0 0|, |O 00|, |0 e O], |0 0O e1],
00O 0 Oeg 0 0 e 0 e1 e
0 0 O 0 0 e 00O 0 0 e
0 e 0], 0 e2 0], 00 0], 0 0 0],
0 0 e3 e1 0 e3 0 0 e3 e1 0 e3
0 0 e1 e 0 O e2 0 e
0 0 e, 0O 0 0], 0 0 e,
e1 ey e3 0 0 e3 e1 ey e3
0 0 0 0 0 0
Non-commutative : 0O 0 e, 0 e1 e |,
0 -1 O 0 —e |el
0O 0 O 0O 0 O
0 0 e |, [#1, 0O 0 0],
0 leg e 0 e1 e
0O 0 O 0 0 O 0 0 0
0O 0 0}, 0 0 0]}, 0 0 0},
0 e O 0 e e e1 e1+e O
0O O 0O 0 O
0O 0 0, l=1 [I#0, —e1 0 O

ex lez O 0 0 e3
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Four-dimensional transitive Novikov derivation algebras on nilpotent Lie algebras:

0 0O O 0 0 O O
Commutative : 0 e 0 , 00 0 a ,

0 0 ¢4 O 0 0 ¢ O

0 0 e 0 e1 0 e

0O 0 O O 0O 0 O 0

0 0 O e 0O 0 O 0

0 0 e e ' 0 0 e1 e '

0 e1 ex e3 0 0 e2 —e1

0 0 O O 0 0 0 O

0 0 O 0 0 0 O

0 0 ei O] 0 0 e1 O]

0 0 0 e 0 0 0 e

00 0O O 0 0 0O O

0 0 O O 0 0 O O

0 0 e1 e ’ 0 0 0 e ’

0 0 e2 O 0 O e1 e3

0 0 0 O 0O 0 OO

0 00 O 0O 00O

000 o} 0 00 Of’

0 0 0 e1 0 0 OO

Non-commutative :

0 O 0 O 0 0 0 O 0 0 0 O
0 e1 e1 O 0 O e O 0 e1 e
0 —e1 0 e1 |’ 0 —e1 0 e | 0 —e1 teg O’
0 0 e O 0 0 e O 0 O 0 e
0 0 O 0 00 0 O 00 0 O
0O e1 e1 O =0 0 0 0 e ’ 0 0 0 e ’
0 0ty O 0 O0e;r O 00 O O
0 0O 0 —e 0 O 0O e 0 O e1 e
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0 0 0 O 0 00O 0 0 0 0
0 0 O teg R 0 0 O0tey ’ 0 0 0 e1 7
0 0 e1 O 0 0 0 e 0 O e1 e
0er 0 e 0er 0 e 0 e1 e1+erx e3
0 0 O 0 0 0 O 0 0 0 O 0
0 0 O 0 0 0 O 0 0 0 O 0
00 0 el 0 0 e1 e’ 0 0 e1 e’
0 0 —e2 O 0 0 —1 O 0 0 —e2 O
0O 0 O 0 0 0 O 0
0O 0 O 0 0 0 O 0

, , t>0,
0 0 e1 e 0 0 e te
0 0 —ex e1 0 0 -ty e1
0O 0 0 O 0 0 0 O 00 0 O
0O 0 0 O ’ 00 0O O ’ 00 0 O Y
0 0 0 O 0 0 0 e 0 0 0 e
0 O e1 e3 0 0 e e3 0 0 teg e3
00 0 0 00 0 0
00 0 0 00 0 0

, t>0,
0 O e1 A+ t)er 00 e1 e1+te
0 0 (A—1)ep —eq 0 0 —1—te e
00 0 0 00 0 0
00 0 0 00 0 0
, t >0,

00 e1 e1+e2 00 e1 14 1t)e2
0 0 —e1+ep 0 0 0 A—1)er 0
0O 0 0 O 0O 0 0 O
0O 0 0 O 0O 0 0 O
00 0 Ol |0 0 0 e
0 e1 e e3 0 e1 e e3

4. Some Novikov derivation algebrasin higher dimensions

It is quite interesting to see that most of left-symmetric derivation algebras given in Ref.
[22] are Novikov algebras. Thus, in this section, we can obtain some Novikov derivation al-
gebrasin higher dimensions. For self-contained, we give these exaapten|fles 4.1-4)5
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a brief description. First of all, we give some examples of Novikov derivation algebras in
dimension 5.

Example 4.1. There are two important Novikov derivation algebras in dimension 5 given
in Ref.[22] with the following characteristic matrices, respectively:

0 0 0 0 0
0 0 0 0 0
—e1 —e2 0 e1 e1 ,

1 1
—e1 —e1 e1—ez2 3(ert+e2) 3(e1+e2)

1 1
—e1 —e1 e1—e2 3(e1tez2) 35(e1+e2)

Le3+ Bes+ pes ezt res+yes es es 0O
lea + yes eq+ des es 0 O

0 0 0O 0 O

0 0 0O 0 O

0 0 0O 0 O

The sub-adjacent Lie algebra of the former is
[e1, e3] = [e1, es] = [e1, e5] = [e2, e3] = [e2, ea] = [e2, e5] = e1,
[e1, e2] = [e4, es] =0, [es, ea] = [e3, es] = e2.

The sub-adjacent Lie algebra of the latter is (non-zero products)

[e1, e2] = ea, [e1, e3] = ea, [e1, ea] = es, [e2, e3] = es.

Example 4.2. We can construct a series of Novikov derivation algebras in dimensibn
through the extension of a five-dimensional Novikov derivation algebraAllst the Lie
algebra in dimension 5 with the following non-zero products:

[e1, e3] = es, [e1, €3] = ea, [e2, es] = ea.

A Novikov derivation product om is obtained by taking for the left multiplications the
following endomorphisms:

L., =ade1), Lo, =ad(e2),  Ley=Le,=Les =0,

where ad is the adjoint operator of Lie algebra, that isx @) = [x, y]. Consider the Lie
algebrad’ = A x Ceg obtained fromA by imposing

[e1, 5] = e, [ei,eg]) =0 for 1<i <6.
The Novikov derivation product oA’ is given as
L, =ad(er), L, =ad*e), L, =L, =L, =L,=0.

Thus, by a series of such extensions we can obtain a series of Novikov derivation algebras.
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We can see that in the above examples, the sub-adjacent Lie algebras are 2-solvable Lie
algebras, that is, the derived ide@l( ), G(A)] is Abelian. We can see that such a situation
is not accident. In fact, we have no any example of a Lie algebra with an order of solvability
greater than 2 which is sub-adjacent to a Novikov derivation algebra. Furthermore, we have
the following example.

Example4.3. Let A be a 2-solvable Lie algebra. Suppoesean be decomposed as a direct
sum of sub-spacet = D(A) @ Swith [S, S] € C(A), whereD(A) = [A, A]andC(A) is
the center ofA. For every elementin A, we denote bytp andag the respective components
of ain D(A) andS. Then

ab = [as, bp + 5bs]

defines a Novikov derivation product an

Example 4.4. There exists a Novikov derivation product on any 2-solvable Lie algebra
with trivial center. In fact, from the discussion in R¢22], such a Lie algebra has a
decomposition

A=DA)&C,
whereC is an Abelian Cartan subalgebra#f ThenA satisfies the condition iBExample

4.3since [C, C] = {0} = C(A). Thus the Novikov derivation product ohcan be defined
by

LaD = O’ Lac = ad(ac)v

whereap € D, ac € C.

Example 4.5. In fact, there are certain kinds of 2-solvable Lie algebras with the trivial
center having the property that it is sub-adjacent to a unique Novikov derivation structure.
Such an example can be obtained from R22]. Let A be ann-dimensional Lie algebra
with the product

[ei,ej]=0, i,j>2, [e1, ei] = Ajei,
i >2, X #0, the; being pairwise distinct
The (unigue) Novikov derivation structure is given by

e1e1 =0, e1e; = Aje;, eiej =0, i,j>2

At the end of this section, we give an example of Novikov derivation algebra on a filiform
Lie algebra with Abelian commutator subalgebra. A filiform Lie algebra dimensiom
is a(n — 1)-step nilpotent Lie algebra, that is, the lower central serigg of A (A° = A
and A*¥ = [AF—1 A] for k > 1) satisfyingA”~1 = 0, A"~2 + 0. The study of filiform
Lie algebra is quite importarj23]. For example, the first example of the nilpotent Lie
algebra which is not sub-adjacent to a left-symmetric algebra is a filiform Lie algebra
[24].
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Example4.6. Let A be a filiform Lie algebra with Abelian commutator subalgebra. Then
the product is given by Burd@3] (non-zero products)

ler,eil =eiv1, i=2,...,n—1,
n
[e2, ei] = Z 2 k—iy3k, 1=3,...,n—2
k=i+2

with parameters; ;, where 5< s < n. Then it is easy to check that the algebra given by
the following products is a Novikov derivation algebra:

e1ei =ej+1, I=2,...,n—1 eze; =[e2,ei], i=3,...,n—2,

esex = apse4+ -+ 02 pen—1, e;e; =0 otherwise

5. Conclusions and discussion

From the discussion in the previous sections, we have seen the importance of the study
of Novikov derivation algebras. Moreover, we have the following conclusions:

(1) Comparing with the results in Refd9-21] we can see that every transitive Novikov
algebra in dimensiorc 4 on 2-step nilpotent Lie algebra (the derived ideal is in the
center of Lie algebra) is a derivation algebra.

(2) Except the type

0O 0 O
—-e1 0 O
0O O e3

which is the direct sum of the (unique) two-dimensional non-commutative transitive
Novikov algebra and the field, every non-commutative Novikov derivation algebra in
dimension< 3 is transitive.

(3) We would like to point out that the structure theorem giversattion 2is not the
same as the fundamental structure theory of Novikov algebras given by Zel'f¥gnov
Zel'manov proved that a finite-dimensional Novikov algedraver an algebraically
closed field with characteristic O contains a (unique) largest transitive Riegl (is
called the radical ofA) and the quotient algebra/R(A) is a direct sum of fields.
Obviously,Ag C R(A). However,Ag does not necessarily equalRgA), in particular,
in the case of commutative Novikov algebras. This means that every Novikov derivation
algebrais not necessarily the direct sunkgfl) and fields. Despite this, itis interesting
to see that for the non-commutative Novikov derivation algebras in dimersgthese
two structure theorems coincide (see Conclusion (2)).

Acknowledgements

This work was supported in part by the National Natural Science Foundation of China,
Mathematics Tianyuan Foundation, the Project for Young Mainstay Teachers and the



C. Bai, D. Meng/ Journal of Geometry and Physics 45 (2003) 105-115 115

Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Edu-
cation Ministry of China. We thank Professor S.P. Novikov for useful suggestion and great
encouragement and Professor X. Xu for communicating to us his research in this field.

References

[1] B.A. Dubrovin, S.P. Novikov, Hamiltonian formalism of one-dimensional systems of hydrodynamic type and
the Bogolyubov—Whitham averaging method, Sov. Math. Dokl. 27 (1983) 665-669.
[2] B.A. Dubrovin, S.P. Novikov, On Poisson brackets of hydrodynamic type, Sov. Math. Dokl. 30 (1984) 651—
654.
[3] A.A. Balinskii, S.P. Novikov, Poisson brackets of hydrodynamic type, Frobenius algebras and Lie algebras,
Sov. Math. Dokl. 32 (1985) 228-231.
[4] E.l. ZeI'manov, On a class of local translation invariant Lie algebras, Sov. Math. Dokl. 35 (1987) 216-218.
[5] J.M. Osborn, Novikov algebras, Nova J. Algebra Geom. 1 (1992) 1-14.
[6] J.M. Osborn, Simple Novikov algebras with an idempotent, Commun. Algebra 20 (1992) 2729-2753.
[7] J.M. Osborn, Infinite dimensional Novikov algebras of characteristic 0, J. Algebra 167 (1994) 146-167.
[8] X. Xu, On simple Novikov algebras and their irreducible modules, J. Algebra 185 (1996) 905-934.
[9] X. Xu, Novikov—Poisson algebras, J. Algebra 190 (1997) 253-279.
[10] X. Xu, Gel'fand—Dorfman bialgebras, 2000. math.QA/0008223.
[11] I.M. Gel'fand, L.A. Diki, Asymptotic behavior of the resolvent of Sturm—Liouville equations and the Lie
algebra of the Korteweg—de Vries equations, Russ. Math. Surv. 30 (1975) 77-113.
[12] I.M. Gel'fand, L.A. Diki, A Lie algebra structure in a formal variational calculation, Funct. Anal. Appl. 10
(1976) 16-22.
[13] I.M. Gel'fand, I.Ya. Dorfman, Hamiltonian operators and algebraic structures related to them, Funct. Anal.
Appl. 13 (1979) 248-262.
[14] X. Xu, Hamiltonian superoperators, J. Phys. A 28 (1995) 1681-1698.
[15] H. Kim, Complete left-invariant affine structures on nilpotent Lie groups, J. Diff. Geom. 24 (1986) 373-394.
[16] E.B. Vinberg, Convex homogeneous cones, Trans. Moscow Math. Soc. 12 (1963) 340-403.
[17] C.M. Bai, D.J. Meng, The structure of bi-symmetric algebras and their sub-adjacent Lie algebras, Commun.
Algebra 28 (2000) 2717-2734.
[18] D. Burde, Simple left-symmetric algebras with solvable Lie algebra, Manuscripta Math. 95 (1998) 397-411.
[19] C.M. Bai, D.J. Meng, The classification of Novikov algebras in low dimensions, J. Phys. A 34 (2001) 1581—
1594.
[20] C.M. Bai, D.J. Meng, On the realization of transitive Novikov algebras, J. Phys. A 34 (2001) 3363-3372.
[21] C.M. Bai, D.J. Meng, Transitive Novikov algebras on four-dimensional nilpotent Lie algebras, Int. J. Theoret.
Phys. 40 (2001) 1761-1768.
[22] A.M. Perea, Flat left-invariant connections adapted to the automorphism structure of a Lie group, J. Diff.
Geom. 16 (1981) 445-474.
[23] D. Burde, Affine structures on nilmanifolds, Int. J. Math. 7 (1996) 599-616.
[24] Y. Benoist, Une nilvariete non-affine, J. Diff. Geom. 41 (1995) 21-52.



	On the Novikov algebra structures adapted to the automorphism structure of a Lie group
	Introduction
	Novikov derivation algebras
	The classification of Novikov derivation algebras in low dimensions
	Some Novikov derivation algebras in higher dimensions
	Conclusions and discussion
	Acknowledgements
	References


